A symmetric formula of transformed elasticity tensor in PML domain for
  elastic wave problem by Chen, Yingshi
A symmetric formula of transformed elasticity tensor 
in PML domain for elastic wave problem 
Yingshi Chen1 
1 Institute of Electromagnetics and Acoustics, and Department of Electronic Science, Xiamen University, Xiamen 
361005, China 
E-mail: gsp@grusoft.com  
 
Abstract 
PML(Perfectly matched layer) is very important for the elastic wave problem in the frequency domain. Generally, 
the formulas of elasticity tensor in PML region are derived from the transformed momentum equation. In this note, 
we proved that the transformed elasticity tensor derived in this way lost its symmetry. Therefore, these formulas are 
inconsistency in theory and it’s hard to explain its numerical performance. We present a new symmetrical formula 
of elasticity tensor from the weak form. So the theory of elasticity is still applicable in PML domain. 
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PML(Perfectly matched layer) is very important for the elastic wave problem in the 
frequency domain. The formulas of many papers are derived from the transformed 
momentum equation. However, in this way, the transformed elasticity tensor lost its 
symmetry. Therefore, in theory, these formulas are inconsistency and it’s hard to explain its 
numerical performance [5]. In this note, we get a new symmetrical formula of elasticity 
tensor from the weak form.  
We use Cartesian tensors such as 𝜏𝑗𝑖, where the indices 𝑖, 𝑗=1,2,3. We also use Einstein 
Summation Convention: if subscripted variables appearing twice in any term, the 
subscripted variables are assumed to be summed over. 
Along each coordinate axis, we define the unit orthonormal base vector 𝐞𝑖. 
 
From Euler’s momentum equation [1, 2], we get elastic wave equation in the frequency 
domain.   
−𝜔2𝜌𝑢𝑖 −
∂𝜏𝑗𝑖
∂𝑥𝑗
= 𝑓𝑖                       (1) 
or −𝜔2𝜌𝑢𝑖 −
𝜕(𝐶𝑗𝑖𝑘𝑙:
𝜕𝑢𝑘
𝜕𝑥𝑙
)
𝜕𝑥𝑗
= 𝑓𝑖                    (1.1) 
(Note: 𝑡ℎ𝑒 𝑒𝑥𝑝𝑎𝑛𝑑 𝑜𝑓 𝜏𝑗𝑖  𝑖𝑛 1.1 𝑛𝑒𝑒𝑑 𝑡ℎ𝑒 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 𝑜𝑓 𝐶𝑗𝑖𝑘𝑙) 
To absorb wave in the PML region, we use the famous complex coordinate stretching 
technique [6,7,8]. 
Unsymmetrical formula from transformed momentum equation  
Many papers [9,3] try to get transformed momentum equation, which includes some 
new mathematic objects ?̃?, ?̃?𝑖𝑗, ?̃?𝑖𝑗𝑘𝑙.  
−𝜔2?̃?𝑢𝑖 −
∂?̃?𝑗𝑖
∂𝑥𝑗
= 𝑓𝑖                       (2) 
where  
?̃? = 𝜌𝑠1𝑠2𝑠3  
?̃?𝑖𝑗 = ?̃?𝑖𝑗𝑘𝑙
𝜕𝑢𝑙
𝜕𝑥𝑘
                        (3) 
?̃?𝑖𝑗𝑘𝑙 = 𝐶𝑖𝑗𝑘𝑙
𝑆1𝑆2𝑆3
𝑆𝑖𝑆𝑘
                 (4) 
It’s easy to verify ?̃?𝑖𝑗𝑘𝑙 ≠ ?̃?𝑗𝑖𝑘𝑙(e.g.  ?̃?12𝑘𝑙 = 𝐶12𝑘𝑙
𝑆2𝑆3
𝑆𝑘
, ?̃?21𝑘𝑙 = 𝐶21𝑘𝑙
𝑆1𝑆3
𝑆𝑘
), then  
?̃?𝑖𝑗 ≠ ?̃?𝑗𝑖           (5) 
The asymmetry of ?̃?𝑖𝑗 means that theory of elasticity breaks down in the PML domain! 
Then any formula based on (2) are suspicious. As [5] showed: “if the stretched stresses fail 
equilibrium, then none of the classical theorems of elasticity which underpin the finite 
element method —for example, the principle of virtual work— can be assumed without 
much ado to remain strictly valid for PMLs.” 
So this method is unconvincing and hard to explain its numerical performance 
Symmetrical formula from weak form 
Apply the standard Galerkin procedure, we get weak form  
−𝜔2 ∫ ∅𝜌𝑢𝑖
 
𝑉
𝑑𝑣 − ∫ ∅
∂𝜏𝑗𝑖
∂𝑥𝑗
 
𝑉
𝑑𝑣 = ∫ ∅𝑓𝑖
 
𝑉
𝑑𝑣    (6)  
where ∅ is any scalar testing function。 
 
After integration by parts 
−𝜔2 ∫ ∅𝜌𝑢𝑖
 
𝑉
𝑑𝑣 + ∫
𝜕∅
𝜕𝑥𝑗
𝜏𝑗𝑖
 
𝑉
𝑑𝑣 − ∫
∂(∅𝜏𝑗𝑖)
∂𝑥𝑗
 
𝑉
𝑑𝑣 = ∫ ∅𝑓𝑖
 
𝑉
𝑑𝑣    (7)  
 
Let’s check the third term, which includes second order of the displacement vector 𝐮. 
By gauss (divergence) theorem: 
 ∫
∂(∅𝜏𝑗𝑖)
∂𝑥𝑗
 
𝑉
𝑑𝑣 = ∫ (
∂(∅𝜏1𝑖)
∂𝑥1
+
∂(∅𝜏2𝑖)
∂𝑥2
+
∂(∅𝜏3𝑖)
∂𝑥3
)
 
𝑉
𝑑𝑣 = ∫ ∅(𝜏1𝑖𝑛1 + 𝜏2𝑖𝑛2 + 𝜏3𝑖𝑛3)
 
𝑠
𝑑𝑠 (8) 
In the linear elastic theory, at free surface, 𝜏𝑗𝑖 = 𝜏𝑖𝑗=0, So this term is zero. Or use zero 
dirichlet boundary condition, ∅ = 0 in the surface, this term is also 0. 
 
Let’ check the second term∫
𝜕∅
𝜕𝑥𝑗
𝜏𝑗𝑖
 
𝑉
𝑑𝑣. For example, let i=1 
∫
𝜕∅
𝜕𝑥𝑗
𝜏𝑗1𝑑𝑣
 
𝑉
= ∫
𝜕∅
𝜕𝑥𝑗
(𝐶𝑗1𝑘𝑙:
𝜕𝑢𝑘
𝜕𝑥𝑙
) 𝑑𝑣
 
𝐸
= 
∑
𝜕∅
𝜕𝑥𝑗
(𝐶𝑗1𝑘𝑙:
𝜕𝑢𝑘
𝜕𝑥𝑙
)
3
𝑗=1
= ∑
𝜕∅
𝜕𝑥𝑗
(𝐶1𝑗1∇𝑢1 + 𝐶1𝑗2∇𝑢2+𝐶1𝑗3∇𝑢3)
3
𝑗=1
 
= ∇∅ ∙ (𝐶11∇𝑢1) + ∇∅ ∙ (𝐶12∇𝑢2) + ∇∅ ∙ (𝐶13∇𝑢3)   (9) 
or ∑
𝜕∅
𝜕𝑥𝑗
(𝐶𝑗1𝑘𝑙:
𝜕𝑢𝑘
𝜕𝑥𝑙
)3𝑗=1 = ∇∅ ∙ [𝐶11∇𝑢1 + 𝐶12∇𝑢2 + 𝐶13∇𝑢3] (10) 
where  
𝐶11 = (
𝑐1111 𝑐1112 𝑐1113
𝑐2111 𝑐2112 𝑐2113
𝑐3111 𝑐3112 𝑐3113
) 𝐶12 = (
𝑐1121 𝑐1122 𝑐1123
𝑐2121 𝑐2122 𝑐2123
𝑐3121 𝑐3122 𝑐3123
) 𝐶13 = (
𝑐1131 𝑐1132 𝑐1133
𝑐2131 𝑐2132 𝑐2133
𝑐3131 𝑐3132 𝑐3133
) 
let i=2,3 We can get similar 3 × 3 matrix 𝐶𝑖𝑗 𝑖, 𝑗=1,2,3. The elements of 𝐶𝑖𝑗 are same 
as the formula in [3]. 
  
In the PML domain, apply the complex stretch operator to (10): 
∑
𝜕∅̃
𝜕𝑥𝑗
(𝐶𝑗1𝑘𝑙:
𝜕𝑢𝑘
𝜕𝑥𝑙
)3𝑗=1 = ∑
𝜕∅̃
𝑆𝑗𝜕𝑥𝑗
(𝐶𝑗1𝑘𝑙:
𝜕𝑢𝑘
𝑆𝑙𝜕𝑥𝑙
)3𝑗=1 = (Λ∇∅̃) ∙ [𝐶11(Λ∇?̃?1) + 𝐶12(Λ∇?̃?2) + 𝐶13(Λ∇?̃?3)]  (11) 
where 
Λ = [
1/𝑆1
1/𝑆2
1/𝑆3
]    (12) 
  Since Λ is Diagonal, for each vector ?⃑? 𝑎𝑛𝑑 ?⃑? : 
(Λ?⃑?) ∙ ?⃑? =
𝑎1𝑏1
𝑆1
+
𝑎2𝑏2
𝑆2
+
𝑎3𝑏3
𝑆3
= ?⃑? ∙ (Λ?⃑?) 
∑
𝜕∅̃
𝜕?̃?𝑗
(𝐶𝑗1𝑘𝑙:
𝜕?̃?𝑘
𝜕?̃?𝑙
)3𝑗=1 = (∇∅̃)Λ ∙ [𝐶11(Λ∇?̃?1) + 𝐶12(Λ∇?̃?2) + 𝐶13(Λ∇?̃?3)]     (13) 
apply the associate law of matrix product 
ΛC(Λ?⃑?) = (ΛCΛ)?⃑?  
we get 
∑
𝜕∅̃
𝜕?̃?𝑗
(𝐶𝑗1𝑘𝑙:
𝜕?̃?𝑘
𝜕?̃?𝑙
)3𝑗=1 = ∇∅̃ ∙ [(Λ𝐶11Λ)(∇?̃?1) + (Λ𝐶12Λ)(∇?̃?2) + (Λ𝐶13Λ)(∇?̃?3)] (14) 
Compare to (10), we get transformed ?̃?𝑖𝑗 in the PML domain: 
?̃?𝑖𝑗 = Λ𝐶𝑖𝑗Λ     (14)  
or ?̃?𝑖𝑗𝑘𝑙 = 𝐶𝑖𝑗𝑘𝑙
𝑆1𝑆2𝑆3
𝑆𝑘𝑆𝑙
    (14.1) 
 It’s easy to verify that ?̃?𝑖𝑗𝑘𝑙 = ?̃?𝑖𝑗𝑙𝑘 and ?̃?𝑖𝑗𝑘𝑙 = ?̃?𝑗𝑖𝑘𝑙. So ?̃?𝑖𝑗 = ?̃?𝑗𝑖 .   
 
Reference 
[1] Bedford, A., and D. S. Drumheller. "Introduction to Elastic Wave Propagation"  
[2] Pujol, Jose. Elastic wave propagation and generation in seismology. Cambridge University Press, 2003. 
[3] Shi, Linlin, et al. "Spectral element method for elastic and acoustic waves in frequency domain." Journal of Computational Physics 327 (2016): 19-
38. 
[4]Johnson, Steven G. "Notes on perfectly matched layers (PMLs)." Lecture notes, Massachusetts Institute of Technology, Massachusetts 29 (2008). 
[5] Kausel, Eduardo, and João Manuel Oliveira Barbosa. "PMLs: A direct approach." International journal for numerical methods in engineering 90.3 
(2012): 343-352. 
[6] Chew, Weng Cho, and William H. Weedon. "A 3D perfectly matched medium from modified Maxwell's equations with stretched coordinates." 
Microwave and optical technology letters 7.13 (1994): 599-604. 
[7] Chew, W. C., and Q. H. Liu. "Perfectly matched layers for elastodynamics: A new absorbing boundary condition." Journal of Computational Acoustics 
4.04 (1996): 341-359. 
[8] Q. H. Liu, “Perfectly matched layers for elastic waves in cylindrical and spherical coordinates,” J. Acoust. Soc. Am., vol. 105, no. 4, pp. 2075-2084, 
1999. 
[9] Zheng, Y. and Huang, X., (2002): “Anisotropic perfectly matched layers for elastic waves in Cartesian and curvilinear coordinates”, Earth Resources 
Laboratory 2002 Industry Consortium Meeting, Dept. of Earth, Atmospheric, and Planetary Sciences, Massachusetts Institute of Technology (MIT). 
 
